Abstract. An indefinite bibasic summation formula containing four arbitrary parameters is derived and used to to derive a bilateral bibasic summation formula and some rather general quadratic, cubic, and quartic summation and transformation formulas. In particular, a cubic transformation formula with four parameters is derived which contains as a special case a q-extension of Gosper's previously unproven strange evaluation of a 7 F 6 series.
Introduction. Let
(1 − aq k ), |q| < 1, and set (a 1 , a 2 , . . . , a m ; q) n = (a 1 ; q) n (a 2 ; q) n · · · (a m ; q) n , (a 1 , a 2 , . . . , a m ; q) ∞ = (a 1 ; q) ∞ (a 2 ; q) ∞ · · · (a m ; q) ∞ .
Recently, Gasper [7] showed that some bibasic summation formulas derived by Carlitz [5] , Al-Salam and Verma [1] , and Wm. Gosper could be extended to the indefinite bibasic summation formula
(a, b; p) k (c, a/bc; q) k (q, aq/b; q) k (ap/c, bcp; p) k q k (1.1) = (ap, bp; p) n (cq, aq/bc; q) n (q, aq/b; q) n (ap/c, bcp; p) n , n= 0, 1, 2, . . . , where p and q are independent bases and a, b, c are arbitrary parameters. He also showed that this formula could be used to derive a bibasic extension of Euler's transformation formula [7, (1.6) with n 2 = n(n − 1)/2. In (1.4) and all formulas containing infinite sums or products it is assumed that |q| < 1. An r F s hypergeometric series is defined by (a + k).
In their paper [9] on strange evaluations of hypergeometric series, Gessel and Stanton were able to prove all of the "mysterious-looking evaluations" with more than one parameter that were stated by Wm. Gosper in a letter to R. Askey except for the evaluation where n, m = 0, ±1, ±2, . . ., and then use this formula to derive the cubic summation formula
which contains Gosper's sum (1.6) as a limit case. It should be noted that in (1.7) and elsewhere we employ the standard convention of defining
for n, m = 0, ±1, ±2, . . ..
The bibasic sum (1.7) will also be used to derive a common generalization of (1.2) and (1.8) and some rather general quadratic, cubic, and quartic summation and transformation formulas.
Derivation of (1.7). Let
for n = 0, ±1, ±2, . . ., and define the difference operator ∆ by ∆s n = s n − s n−1 .
and
for n, m = 0, ±1, ±2, . . ., which completes the proof of (1.7). In (2.4) we used the fact that
Observe that (1.1) is the case d = 1, m = 0 of (1.7) and that, just as in (1.1), the series in (1.7) is partially of well-poised type in the sense that a(dq) = b(adq/b) = adq and c(adp/c) = (ad 2 /bc)(bcp/d) = adp. It is these observations and the simplification that occurred on the right side of (2.3) which motivated the choice of s n in (2.1).
If |p| < 1 and |q| < 1, then by letting n or m tend to infinity we find that (1.7) also holds with n or m replaced by ∞. In particular, this gives the following evaluation of a bilateral bibasic series
where |p| < 1 and |q| < 1.
In the following sections we shall use the m = 0 case of (1.7) in the form
There is no loss in generality because, by setting k = j − m in (1.7), it is easily seen that (1.7) is equivalent to (2.7) with n, a, b, c, d replaced by n + m, ap −m , bp −m , cq −m , dq −m , respectively. We shall also use the special case c = q −n , n = 0, 1, 2, . . ., of (2.7) in the form
q-Extensions of Gosper's sum (1.6).
In view of our previous observation that the case b = 2a of (1.6) is a special case of the sum (1.3), it is natural to try to use the bibasic sum (2.8) to extend the proof in [7] of the q-analogue (1.2) of (1.3) to derive a summation formula which contains both (1.3) and (1.6) as limit cases. Therefore, let us set q = p 3 in (2.8), replace d by c, and then change p to q to obtain the sum
which reduces to [7, (5.18 )] when c = 1.
Multiply both sides of (3.1) by
and sum over n to get
Now choose
n to obtain the expression
where we let
Observe that if e = a 2 bcq 3n , z = q 3 , and d = q −3n , n = 0, 1, 2, . . ., then the 8 W 7 in (3.3) can be summed by Jackson's sum [12,(3.3 
where a 2 q n+1 = bcde, giving the formula
for n = 0, 1, 2, . . ..
If b = q/a, then the above 10 W 9 reduces to a 8 W 7 that can also be summed by (3.5), giving the cubic summation formula
which is a q-extension of the terminating case of Gosper's sum (1.6).
To derive a nonterminating extension of (3.7), we first set e = a 2 bc/d and z = q 3 in (3.3) to obtain
Next we apply Bailey's nonterminating extension [12, (IV.15 
Using (3.10) in (3.8), we find that
Now observe that the sum over k on the left side of (3.11) is
and that, by (2.7),
Hence the right side of (3.12) is
and it follows from (3.11) that
Using the transformation formula [7, (5 
Formula (1.2) follows from (3.19) by setting c = 1 and then replacing d by a 2 b/c. To derive the cubic summation formula (1.8) which contains Gosper's sum (1.6) as a limit case, set b = q/a in (3.19) to get
and then apply (3.9) to the above sum of two 8 W 7 series to get . Now observe that by setting α = b/3, and β = (3c − 2a)/3, and using trigonometric identities we have , which gives (1.6).
Some consequences of formula (3.19).
When d = a 2 bcq 3n and n = 0, 1, 2, . . ., reduces to the transformation formula
If we use Bailey's [3, 8.5(1)] transformation
10 W 9 (a; c, d, e, f, g, h, q −n ; q, q) (4.2) = (aq, aq/fq, aq/fh, aq/gh; q) n (aq/f, aq/g, aq/h, aq/f gh; q) n · 10 W 9 (σ; σc/a, σd/a, σe/a, f, g, h, q −n ; q, q), where σ = a 2 q/cde, a 3 q 2 = cdef ghq −n and n = 0, 1, 2, . . ., to show that the 10 W 9 in (4.1) equals
then we find that (4.1) can be written in the equivalent form
where n = 0, 1, 2, . . .. Notice the rather striking similarities and differences between the two series in (4.3). The other equivalent forms of (4.1) which follow by applying (4.2) are not as interesting and so will be omitted. Replace a, c, d by b, a 2 /b, c 3 , respectively to get
As in the derivation of (3.27), it can be shown that (4.6) has the q ↑ 1 limit case
It should be noted that the evaluation
and the corresponding truncated series formula are limit cases of the q = p 3 case of (2.7).
By reversing the order of summation of the series on the left side of (4.1) this series is converted to a series which is truncated at the (n + 1) th term. Another transformation formula for such a series in terms of a 10 W 9 series can be derived by proceeding as follows. Use (2.7) and (3.5) to obtain
by (2.7), which yields the transformation formula
where n = 0, 1, 2, . . ..
A quadratic transformation formula with five parameters.
In [7,(5. 15)] and [10,(4.7)] special cases of (2.8) were used to derive the quadratic summation formula 
Multiply both sides of (5.2) by
(q 2 ; q 2 ) n (acq; q) 2n C n and sum over n to obtain 
The last sum over k is
by the n = ∞ case of (2.7). Hence, since (q −n ; q) ∞ = 0 for n = 0, 1, 2, . . ., the case d = q −2n of (5.13) gives Additional summation, transformation, and expansion formulas will be considered elsewhere.
